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We prove that the inequality 
holds for all natural numbers n and for all real numbers xk and yk ( k  = 1, .  . . , n)  
with 
0 <x l  1x,/2 I ... I x , / n  and 0 < y n  ~ y ~ - ~  I ... < y l ,  
if and only if 
a >  3/4 and p >  1 - a .  
Inequality (*) with a = 3/4 and p = 1/4 refines results given by Liu Zheng ( J .  
Math. Anal. Appl. 218 (1998), 13-21) and the author ( J .  Math. Anal. Appl. 168 
(1992), 596-6041, 0 1999 Academic Press 
1. INTRODUCTION 
The classical inequality of Cauchy-Schwarz states that 
( 2 x k Y k ) '  k = l  2 xi k = l  2 Yk" 
k =  1 
for all n-tuples x = ( x l , .  .. , x,) and y = ( y l , .  .. , y , )  of real numbers. 
Equality holds in (1.1) if and only if x and y are linearly dependent. 
Several proofs as well as interesting variants and extensions of (1.1) can 
be found in the monograph [3]. In 1992, the author [l] presented the 
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following refinement of the Cauchy-Schwarz inequality written in the form 
THEOREM A. Let x, and y ,  (k = 1 ,  . . . , n)  be real numbers satisfying 
0 =x,, < x ,  1x,/2 I ~ x , / n  and 0 < y ,  ~ y , - ,  I ... ~ y , .  
Then 
with equality holding i fand only i f x ,  = k, (k = 1 , .  . . , n)  andy ,  = = y,. 
Recently, Liu Zheng [2] pointed out an error in the proof given in [l], 
which can be corrected as shown in [2]. Moreover, Liu Zheng established 
the following result which sharpens (1.3). 
THEOREM B. Let x, and y ,  (k = 1 ,  . . . , n)  be real numbers satisfying 
0 <x, 1x,/2 I ~ x , / n  and 0 < y ,  <y,- ,  I I Y , .  
Then 
k =  1 k = l  k = l  
with 
Equality holds in (1.4) i fand only i f x k  = k, (k = 1 , .  . . , n)  a n d y ,  = * * .  = 
It is natural to look for further refinements of (1.2). It is the aim of this 
paper to prove an inequality which sharpens (1.3) and (1.4). In Section 3 
we show that in (1.4) the factor S,, as given in (1.5), can be replaced by an 
expression 7, which is not only simpler than 6, but also satisfies 7, I 6, 
for k = 1 , .  . . , n. We establish that 6, can be substituted by 7, = (3/4 + 
1/(4k))xi, which turns out to be best possible in a certain sense. 
Y n .  
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2. LEMMAS 
In order to prove our main result we need some technical lemmas which 
LEMMA 1. Let xk (k = 1, . . . , n)  be real numbers such that 
we present in this section. 
0 < x ,  1 x J 2  I ... ~ x , / n .  
Then 
n 
2 c xk ( n  + l ) x n ,  
k =  1 
with equality holding if and only i fxk  = kx, (k = 1, .  . . , n). 
A proof of Lemma 1 is given in [ll. 
LEMMA 2. Let x k  (k = 1,. . . , n)  be real numbers such that 
0 < x ,  1 x J 2  I ... ~ x , / n .  
Then 
n 2  3 k + 1  
( c x k )  I n C q k  X i  > 
k =  1 k =  1 
with equality holding if and only i fxk  = kx, (k = 1,. . . , n). 
Prooj Let 
Then we have for n 2 2: 
n-1 3k + 1 n -  1 3(n - 1) 
xf = f (  x , ) ,  say. 
4 
s, -sn-l  = c ~ x i  - 2 x ,  c xk + 
k =  1 4k k =  1 
We differentiate with respect to x ,  and use (2.1) and x, 2 &,-,. This 
yields 
n 3(n - 1 )  n -  1 
k =  1 
x ,  - 2 c x > - x , - ,  > 0 
k -  2 2 f ' ( x n )  = 
ON THE CAUCHY-SCHWARZ INEQUALITY 
and 
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We use induction on n to establish that T,- l(xl , .  . . , x,- 1) 2 0 for 
d 3n + 2 2n n - 1  
n 2 2. We have Tl(xl) = 0. Let n 2 3; applying (2.1) we get 
T,- 1( X I , .  . . , x,- 1) = ~ x,-1 - - c xk dxn- 1 2 n - 1 k = l  
( n  - 2)(n + 1) 
2(n - 1) 2 x,-1 > 0 
and 
Using the induction hypothesis T,- ,(xl,.  . . , x , - ~ )  2 0 and (2.1) we 
obtain 
2 0. (2.6) 
From (2.5) and (2.6) we conclude T, - l(xl, . . . , x, - 1) 2 0 for n 2 2, so that 
(2.3) and (2.4) imply 
s, 2 sn-l 2 * * *  2 s, 2 s, = 0. (2.7) 
This proves inequality (2.2). We discuss the cases of equality. A simple 
calculation reveals that S,(xl, 2x1,. . . , nx,) = 0. We use induction on n to 
prove the implication 
s,( X1,. . . , X,) = 0 * xk = kXl for k = 1 , .  . . , y1 .  (2.8) 
If n = 1, then (2.8) is obviously true. Next, we assume that (2.8) holds with 
n - 1 instead of n. Let n 2 2 and S,(xl, . . . , x,) = 0. Then (2.7) leads to 
S,- l(xl , .  . . , xnPl)  = 0 which implies xk = kXl for k = 1,. . . , n - 1. Thus, 
we have S,(xl, 2x1,. . . , ( n  - l)xl, x,) = 0 which is equivalent to (x, - 
nx1)(3xn - nx,) = 0. Since 3xn > nxl, we get x, = nxl. I 
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LEMMA 3. Let xk ( k  = 1 , .  . . , n)  be real numbers such that 
If the natural numbers n and q satis& n 2 q + 1 ,  then 
Prooj We denote the expression on the right-hand side of (2.9) by 
u(x,). Then we differentiate with respect to x, and apply ( 2 . 0 ,  x, 2 
(n /q)x ,  and n 2 q + 1. This yields 
Hence, we get 
(3n  + l ) n  4 
xi - 2nx, Ex,+ 
k= 1 
Let 
(3t + 1)t 4 
v ( t )  = x , - 2 2 t E x k  and t > q + l ;  
k= 1 4 
from (2.1) we conclude 
6t + 1 4 2q + 3 
U’(t) = ~ xq - 2 c x, 2 ~ xq > 0. 
4 k= 1 4 
This implies that the expression on the right-hand side of (2.10) is 
increasing on [ q  + 1 ,  a) with respect to n. Since n 2 q + 1 ,  we get from 
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(2.10): 
= Pq( x l , .  . . , x,), say. (2.11) 
We use induction on q to show that P,(xl,. . . , x,) > 0 for q 2 1. We have 
Pl(xl) = ix.1”. If P q - l ( x l , .  . , x, -~)  > 0, then we obtain for q 2 2: 
xi = w( x,), say. 4 3 q  - 1) + 
4 
(2.12) 
We differentiate with respect to xq and use (2.1) and xq 2 (q / (q  - 
l))xq- 1. Then we get 
q 2 ( 4  + 1) 
2(q - 1) xq-l 
2 
> O  
and 
4q2 - q - 1 4- 1 
‘q-1 - c 
k =  1 ..-I[ 4(q  - 1) 
(3q - 1)q 2 
2 
> 0. (2.13) 
4(q  - xq-l 
From (2.10, (2.12), and (2.13) we obtain u(xJ > 0. I 
3. MAIN RESULT 
We are now in a position to prove the following companion of inequali- 
ties (1.3) and (1.4). 
12 HORST ALZER 
THEOREM. The inequality 
holds for all natural numbers n and for all real numbers xk and y k  (k = 
1 , .  . . , n)  with 
0 < x l  1x,/2 I --. Ix,/n and 0 <y, IY,-~ I 4 y l ,  
(3-2) 
if and only if 
a 2 3 / 4  and P 2  1 - a .  
First, we assume that (3.1) is valid for all n 2 1 and for all real 
numbers xk and Y k  (k = 1 , .  . . , n)  which satisfy (3.2). We set xk = k and 
y k  = 1 (k = 1 , .  . . , n). Then (3.1) leads to 
Prooj 
o I ( a  - +)2n + a + 3~ - 3 ( n  2 1 ) .  (3.3) 
This implies a 2 3/4. And, (3.3) with n = 1 yields a + P 2 1. 
k 2  1: 
Now, we suppose that a 2 3/4 and P 2 1 - a. Then we obtain for 
1 - a  3 1 
2 - + - ,  a + - > a + -  
P 
k -  k 4 4k 
so that it suffices to show that (3.1) holds with a = + and P = i. Let 
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If F ( y , ,  . . . , y,) = 0,  then we conclude from the strict monotonicity of Fq 
and from Lemma 2 that y 1  = 
It remains to show that Fq is strictly increasing on [yq+ 1 ,  m). Let 
y 2 yq+ 
= y ,  and xk = kx, (k = 1 , .  . . , n). 
we differentiate Fq and apply Lemma 2. This yields 
and 
Hence, we have 
From Lemma 2 and Lemma 3 we obtain F$yq+ ,) > 0, so that (3.5) implies 
F$y) > 0 for y 2 yq+ ,. This completes the proof of the theorem. 
Remarks. (1) The proof of the Theorem reveals that the sign of 
equality holds in (3.1) (with a = i and p = b) if and only if xk = kx, 
(k = 1 , .  . . , n)  and y 1  = ... = y,. 
I 
( 2 )  If 6, is defined by (1.51, then we have for k 2 2: 
which implies that inequality (3.1) (with a = and p = b) sharpens (1.4). 
(3) It is shown in [I]  that if a sequence (xk) satisfies x,, = 0 and 
2xk I xk- + Xkf  , (k 2 11, then ( x k / k )  is increasing. Hence, inequality 
(3.1) is valid for all sequences (xk) which are positive and convex. 
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